ABSTRACT
176
The contents of this paper are organized as follows. The Modelling N-CAT Risk Bond section 177 presents the pricing model of CAT risk bonds including: assumptions, probability structure, 178 valuation method, interest rate processes, aggregate claims processes, and the payoff functions. an arbitrage-free investment market exists with an equivalent martingale measure, (ii) the financial 187 market behaves independently of the occurrence of catastrophes, and (iii) the interest rate changes 188 can be replicated using existing financial instruments.
189
Probabilistic structure and valuation theory 190 Let 0 < T < ∞ be the maturity date of the continuous time trading interval [0, T]. The 191 market uncertainty is defined on a filtered probability space Ω, F , (F t ) t∈[0,T] , P , where F t is 192 an increasing family of σ-algebras, which is given by 
, P (2) , respectively. Moreover, define any random variable X that is A (2)
214
Thus, a A (2) -adapted aggregate loss process {L(t) : t ∈ [0, T]} retains its original distributional 215 characteristics after changing from the historical estimated actual probability measure P to the 216 risk-neutral probability measure Q. The σ-algebras A
T and A
T are independent under the risk-217 neutral probability measure Q. In an arbitrage-free market (assumption (i)) at any time t, the price 218 of an attainable contingent claim with payoff {P(T) : T > t} can be expressed by the fundamental 219 theorem of asset pricing in the following form: 
233
The first stochastic interest rate model was proposed by (Merton 1973) , followed by the pioneering 234 approach of (Vasicek 1977) 
240
Vasicek model
241
The instantaneous short rate has the following stochastic process under the risk-neutral measure 242 Q: at time t with maturity time T is: 
B(t, T) =
251
Cox-Ingersoll-Ross (CIR) model

252
The short-rate dynamics {r(t) : t ∈ [0, T]} under the risk-neutral measure Q can be expressed 253 as follows:
255 with the condition
257
where {W(t) : t ∈ [0, T]} is a standard Brownian motion, and r(0), k, θ and σ are positive constants.
258
CIR model is an extension of Vasicek model where the standard deviation factor changes over time.
259
It also fixes the Vasicek model shortcoming on theoretically possibility of a negative interest rate. represents the market price of risk, and price a pure-discount T-bond at time t by the following 264 equalities:
266 where 267
268 
281
The aggregate loss process {L(t) : t ∈ [0, T]} is defined as a function of two independent 282 variables, claim number process {N(t) : t ∈ [0, T]} and claim sizes {X n : n ∈ N + }:
284
with the convention that L(t) = 0 when N(t) = 0, and X 0 = N(0) = 0 almost surely (a.s.). The 285 value of the total loss process L(t) is typically calculated by the bond issuer to determine whether 286 or not it met the predetermined level of the trigger event specified in the bond contract. where the N-CAT risk bonds system terminates when a major accident risk event occurs, leading 295 the bonds to exercise immediately. the authors call states O absorbing states because once the 296 system reaches those states, the system is unable to escape and will stay there forever. Bond issuers 297 can structure multiple absorbing states in their contract to establish a CAT risk bonds which will 298 exercise immediately in different predetermined situations. The transition matrix P = p i j , i, j ∈ J 299 can be written as 
308
Define {T n , n ∈ N + } to be the epoch time of the nth claim. Suppose that 0 < T 1 < T 2 < . . . <
309
T n < T n+1 < . . ., T 0 = U 0 = 0 a.s., and let U n = T n − T n−1 (n ∈ N + ) denote the sojourn time in state 310 J n−1 . Assume that the trivariate process {(J n , U n , X n ) ; n ≥ 0} is a semi-Markovian dependency 311 process defined by the matrix Q = Q i j , i, j ∈ J :
313
Assuming that the random variable J n , n ≥ 0 and the two-dimensional random variable (U n , X n ) , n ≥ 314 1 are conditionally independent, then
where 1{·} denotes an indicator function. Denote now
318
320
321
Assuming that the sequences {U n , n ≥ 1}, {X n , n ≥ 1} are conditionally independent and given the 322 sequence {J n , n ≥ 0}, then
324 Thus, the semi-Markov kernel Q can be expressed as the following product
326
Let L n be the successive total claims amount after the arrival of the nth claim. Then, the joint 327 probability of the process {(J n , T n , L n ) ; n ≥ 0} can be denoted as
330
where i, j ∈ J. It is crucial to introduce the process Q * n i j (t, x) because when a major accident 331 occurs (a state O event), the N-CAT risk bonds need to be exercised immediately regardless of 332 the size of this particular event. These two n-fold convolution matrices Q * n = Q * n i j , i, j ∈ J and 333 Q * n = Q * n i j , i ∈ J, j ∈ 0 can be valued recursively by the following two parts:
Moreover, suppose that a sequence of probabilities (Π 1 , . . . , Π w+r ) exists (assume that Π w+1 =
340
· · · = Π w+r = 0, a.s.), representing the starting probability distribution for the embedded Markov
341
Chain {J n ; n ≥ 0},
342
The following probabilities are essential for pricing N-CAT risk bonds. At time t, for the
346
347
348
349 which are the probability of a total loss less than the threshold level and that the last event is not 350 a major accident, the probability of a total loss less than the threshold level and that the last event
351
is a major accident, the probability of a major accident occurring, the probability of a total loss 352 greater than the threshold level and that the last event is not a major accident, and the probability of claim U n depends on the severity of the current event X n , for all n = 0, 1, 2, . . ..
357
Payoff functions
358
This section illustrates the most common payoff functions for CAT risk bonds, (Shao et al. coupon N-CAT risk bonds with face value Z at the maturity date, as follows:
364
where L(T) is the total insured loss value at the expiry date T, D denotes the threshold value agreed 365 in the bond contract, and η (∈ [0, 1)) is the fraction of the principle Z, which the bondholders must 366 pay when a trigger event occurs.
367
The next payoff function with a multi-threshold value is given by 368 P (2)
369
where
In general, an investor's rate 370 of return is inversely proportional to the total catastrophe claims.
371
Another payoff function with a coupon payment at the maturity date, if the trigger has not 372 occurred, is of the form
374
where C > 0 is the coupon payment level.
375
The two-trigger type payoff function is defined by the following structure: Formally, the payoff function described above is given mathematically by
385
According to ), the bondholders' payoffs are also determined by the bond 386 issuers' leverage ratio which is the indicator of the financial risk. In this paper, assume that F De 387 is the probability of a certain financial institute defaulting in a given period, while bondholders 388 receive 0 if their bond seller is unable to repay their obligation, which is the worst case scenario.
389
Pricing N-CAT risk bonds
390
This section derives the price of N-CAT risk bonds using the standard tool of a risk-neutral 
396
(37). Then, 
B(t, T)E
P P (1) C AT (T)|F t .(43)
409
By simply applying the payoff function Eq. (37) and rearranging the formula, the N-CAT risk bond price can be formulated as
The result follows by some rearrangement.
410
The proofs of Theorems 2.2 and 2.3 follow the same procedure of Theorem 2.1.
411
Theorem 2.2. Let V (2) (t) be the prices of the T-maturity zero-coupon N-CAT risk bond with face
412
value Z under the risk-neutral measure Q at time t with payoff function P
C AT , as defined in Eq. is the zero-coupon bond value, and F De is the probability of a bond issuer defaulting.
417
Theorem 2.3. Let V (3) (t) be the prices of the T-maturity coupon N-CAT risk bond with face value
Z under the risk-neutral measure Q at time t with payoff function P
C AT , as defined in Eq. (39).
419
Then, C AT , as defined in Eq. 
430
Proof. Similar to the proof of Theorem 2.1, we have:
431
NUMERICAL EXAMPLES: ANALYSIS AND DISCUSSION
432
Due to limitations in obtaining real data for the determination and calibration of some of the (1)
C AT , P
C AT and P The value of the N-CAT risk bonds with face value US$1000 for the payoff functions P
(1)
C AT and P The relative change between the two prices presented in Fig.3 • Exposure in excess of ten times the statutory annual limit for workers.
• Non-lethal deterministic health effect.
• Exposure rates of > 1 Sv/h in an operating area.
• Misdelivered highly radioactive sealed source without adequate procedures in place to handle it.
• Near-accident at a nuclear power plant with no safety provisions remaining.
• Lost or stolen highly radioactive sealed source.
• Severe contamination in an area not expected by design, with a low probability of significant public exposure.
• Exposure of a member of the public > 10 mSv.
• Radiation levels in an operating area > 50 mSv/h.
• Significant contamination within the facility into an area not expected by design.
• Inadequate packaging of a highly radioactive sealed source.
• Significant failures in safety provisions but with no actual consequences.
• Exposure of a worker in excess of the statutory annual limits.
• Found highly radioactive sealed orphan source, device or transport package with safety provisions intact.
• Major release of radioactive material with widespread health and environmental effects requiring implementation of planned and extended countermeasures.
• Significant release of radioactive material likely to require implementation of planned countermeasures.
• Limited release of radioactive material likely to require implementation of some planned countermeasures.
• Several deaths from radiation.
• Severe damage to reactor core.
• Release of large quantities of radioactive material within an installation with a high probability of significant public exposure. This could arise from a major criticality accident or fire.
• Minor release of radioactive material unlikely to result in implementation of planned countermeasures other than local food controls.
• At least one death from radiation.
• Fuel melt or damage to fuel resulting in more than 0.1% release of core inventory.
• Release of significant quantities of radioactive material within an installation with a high probability of significant public exposure.
• Overexposure of a member of the public in excess of statutory annual limits.
• Minor problems with safety components with significant defence-in-depth remaining.
• Low activity lost or stolen radioactive source, device or transport package. 
Incident
